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Abstract: We investigate a five-branes interpretation of hyper-Ka¨hler geometry with
torsion (HKT). This geometry is obtained by conformal transformation of the Taub-NUT
space which represents a Kaluza-Klein five-brane. This HKT would represent an NS5-brane
on the Taub-NUT space. In order to explore the HKT further, we compactify one transverse
direction, and study the O(2, 2;Z) = SL(2,Z)× SL(2,Z) monodromy structure associated
with two-torus. Performing the conjugate transformation, we obtain a new solution whose
physical interpretation is a defect (p, q) five-brane on the ALG space. Throughout this
analysis, we understand that the HKT represents a coexistent state of two kinds of five-
branes. This situation is different from composite states such as (p, q) five-branes or (p, q)
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1 Introduction
It is well known that target spaces of supersymmetric nonlinear sigma models with four
and eight supercharges are Ka¨hler and hyper-Ka¨hler geometries, respectively [1, 2]. These
geometries do not involve three-form fluxes in supergravity solutions. However, the mathe-
matical analysis for manifolds with non-zero fluxes was considered later by Strominger [3].
On a Ka¨hler manifold, the metric is required to be Hermitian with respect to the com-
plex structure, and the complex structure must be covariantly constant. In the case of a
hyper-Ka¨hler manifold, three complex structures obeying the quaternionic multiplication
law require the same condition. When there exists a non-zero flux, the covariant derivative
includes the non-zero flux as a torsion. The Ka¨hler geometry with torsion (KT) structure
is defined by the covariantly constant complex structure including the non-zero torsion,
and the hyper-Ka¨hler geometry with torsion (HKT) structure is defined similarly. When
the three-form flux H is closed (dH = 0), the structure is called strong, while if not it
is called the weak structure. The connections in these geometries are called the KT- and
HKT-connections. Mathematicians often call the connections the Bismut connections [4, 5].
Manifolds with non-zero torsion have been studied in various contexts. In particular, some
explicit geometries and physical applications have been investigated [6–18].
It is also known that the HKT is obtained by conformal transformation of hyper-Ka¨hler
geometry [19, 20]. When the conformal factor (or the warp factor) e2φ is a harmonic
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function, the HKT structure becomes strong automatically and the three-form flux can
be written as H = ∗dφ. The HKTs obtained by the conformal transformation have been
studied in recent years from both mathematical and physical aspects [21–31].
Associated with these works, we perform conformal transformation to the Taub-NUT
space, a non-compact hyper-Ka¨hler four-fold. The Taub-NUT space represents a Kaluza-
Klein five-brane (or a KK5-brane for short). Once a conformally transformed Taub-NUT
space generates an HKT whose spin connection is self-dual, one finds that a non-trivial
torsion is also encoded with the geometry. This torsion generates a constituent of an
H-monopole which is a smeared NS5-brane. It is interesting to investigate a brane inter-
pretation of the HKT in more detail. If we further compactify one direction of the HKT,
we obtain a reduced geometry with a fibred two-torus. This geometry is characterized by
two two-dimensional harmonic functions. Associated with defect branes [32],1 we refer to
this geometry as the defect HKT. Though this has a non-trivial monodromy structure,
it is unclear whether the defect HKT forms a composite state of defect five-branes or a
coexistence of two defect objects. In the present paper, we discuss this problem as a main
theme. Furthermore, using the O(2, 2;Z) = SL(2,Z)× SL(2,Z) monodromy structure, we
find a new solution that represents a defect (p, q) five-brane on the ALG space [34]. The
ALG space is a generalization of the ALF space discussed by [35, 36].
The structure of this paper is as follows. In section 2, we briefly mention that an
HKT has two harmonic functions. One is the function which describes the structure of
the Taub-NUT space. The other is the function describing an H-monopole, a smeared
NS5-brane. Reducing one transverse dimension in order to make two abelian isometries,
we obtain the HKT of codimension two. In this paper, we call them the defect HKT.
In section 3, we analyze the monodromy structures of the two configurations, where the
monodromy originates from the two-torus. We find the relations of the constituents of the
defect systems. In section 4, we investigate the conjugate configurations of the defect HKT
and the T-dualized defect HKT. We find new solutions which represent defect (p, q) five-
branes on the ALG space. Section 5 is devoted to summary and discussions. In appendix A,
the conventions for the T-duality transformations are exhibited. In appendix B, we briefly
summarize the properties of various defect five-branes.
2 A hyper-Ka¨hler geometry with torsion
In this section, we briefly argue hyper-Ka¨hler geometry with torsion (HKT). We do not
discuss mathematical details of HKT, and only remark that HKT is a supergravity solution.
More detailed discussions or reviews of HKT are demonstrated in [7, 9, 37].
We begin with the background geometry of the single KK5-brane in ten-dimensional
spacetime. This is given by
ds2KK5 = ds
2
012345 +Hα
[(
dx6
)2
+
(
dx7
)2
+
(
dx8
)2]
+
1
Hα
[
dy9 − ~Vα · d~x
]2
, (2.1a)
Bi9 = 0 , e
2φ = 1 , i = 6, 7, 8 . (2.1b)
1Recently a new interesting feature of defect branes was studied [33].
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Here the vector ~x lives in the 678-directions. The six-dimensional spacetime along the
012345-directions is flat, whereas the 6789-directions are described as the Taub-NUT space
governed by the harmonic function Hα and the KK-vector ~Vα, whose explicit forms are
given by
Hα = 1 +
α0√
2 |~x| ,
~Vα · d~x = α0√
2
−x6dx8 + x8dx6
|~x|(|~x|+ x7) , (2.2a)
∇iHα =
(
∇× ~Vα
)
i
, (2.2b)
where ∇i is the derivative with respect to xi. We note that α0 is a constant parameter. We
also comment that the 9-th direction is compactified on a circle of radius R9. This circle is
called the Taub-NUT circle. The Taub-NUT space is a hyper-Ka¨hler geometry. The spin
connection of this four-dimensional space is self-dual. In order to satisfy the equations of
motion of ten-dimensional supergravity theories, the B-field and the dilaton are trivial.
Now we modify the background geometry (2.1) in such a way as
ds2HKT ≡ ds2012345 +HαHβ
[(
dx6
)2
+
(
dx7
)2
+
(
dx8
)2]
+
Hβ
Hα
[
dy9 − ~Vα · d~x
]2
, (2.3a)
Bi9 = Vβ,i , e
2φ = Hβ . (2.3b)
Here we introduced a set of functions Hβ and ~Vβ whose structures are same as in (2.2),
Hβ = 1 +
β0√
2 |~x| ,
~Vβ · d~x = β0√
2
−x6dx8 + x8dx6
|~x|(|~x|+ x7) , (2.4a)
∇iHβ =
(
∇× ~Vβ
)
i
, (2.4b)
where β0 is a constant parameter. We note that the modification of the 6789-directions
corresponds to the conformal transformation of the Taub-NUT metric in terms of the warp
factor e2φ = Hβ.
The configuration (2.3) is also a solution to the equations of motion of supergravity
theories. We notice that the B-field and the dilaton depend on the functions ~Vβ and Hβ,
respectively. Due to the non-trivial B-field and the dilaton, the space in the 6789-directions
is no longer hyper-Ka¨hler. However, the new spin connection ω+ on the four-directions,
which is defined by the sum of the Levi-Civita connection ω and the three-form flux H,
is still self-dual. Since the self-dual spin connection ω+ appears in the supersymmetry
variations of gravitinos, the HKT solution preserves a part of supersymmetry.
We have comments on the modified geometry (2.3). If we set the parameter β0 to
zero, the functions Hβ and ~Vβ become trivial. Then the modified space (2.3) is reduced to
the original one (2.1). On the other hand, if we set α0 = 0, the modified geometry (2.3)
becomes the background geometry of the H-monopole, the NS5-brane smeared along the
9-th direction [38]. Then we expect that the geometry (2.3) would represent a configuration
that the H-monopole governed by Hβ sits on the Taub-NUT space controlled by Hα. As
we will discuss later, this is indeed conceivable. Then we think of the following question:
Is this system a bound state of the H-monopole and the KK5-brane? In order to find an
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answer of this question, we investigate the configuration (2.3) by virtue of the monodromy
structures as discussed in [34].
As mentioned above, if one of the parameters α0 and β0 vanishes, the configuration
is reduced to the single defect five-brane exhibited in appendix B. Then, from now on, we
focus only on the configurations where both α0 and β0 are non-zero.
2.1 Defect HKTs
In this subsection, we compactify the 8-th direction of the HKT (2.3). Then the two-
dimensional space in the 89-directions becomes a two-torus T 289. In the small radius limit
of the 8-th direction, the functions Hα and Hβ are deformed by the smearing procedure [39].
Then we obtain the following form,
ds2dHKT = ds
2
012345 +HαHβ
[
(d%)2 + %2(dϑ)2
]
+HαHβ
(
dx8
)2
+
Hβ
Hα
[
dy9 − Vα dx8
]2
,
(2.5a)
B89 = Vβ , e
2φ = Hβ . (2.5b)
The geometry has the following properties. The six-dimensional spacetime in the 012345-
directions is flat. The 67-plane is a non-compact two-dimensional space whose coordinates
are reparameterized as x6 = % cosϑ and x7 = % sinϑ, where 0 ≤ % and 0 ≤ ϑ ≤ 2pi. The
various functions now depend on the coordinates % and ϑ [39],
Hα = h+ α log
µ
%
, Vα = αϑ , α ≡ α0
2piR8
, (2.6a)
Hβ = h+ β log
µ
%
, Vβ = βϑ , β ≡ β0
2piR8
. (2.6b)
Here R8 is the radius of the 8-th direction. The functions Hα and Hβ are the harmonic
functions on the two-dimensional 67-plane. Thus they are logarithmic functions. They
carry the renormalization scale µ and the bare parameter h which diverges in the asymptotic
limit. Due to their properties, we can only explore the system (2.5) within the well-defined
region where the functions Hα and Hβ are positive and finite. In the same analogy of [32],
we refer to the geometry (2.5) as the defect HKT.
Since the system (2.5) has two abelian isometries along the two-torus T 289, we can
perform T-duality. If we take the T-duality transformation along the 9-th direction, the
two sets of functions (Hα,−Vα) and (Hβ, Vβ) in (2.5) are exchanged [40]. On the other
hand, if we take the T-duality transformation along the 8-th direction in (2.5), we obtain
a new configuration,
ds2TdHKT = ds
2
012345 +HαHβ
[
(d%)2 + %2(dϑ)2
]
+
Hα
Kα
{
1
Hβ
[
dy8 + Vβ dy
9
]2
+Hβ
(
dy9
)2}
,
(2.7a)
B89 = − Vα
Kα
, e2φ =
Hα
Kα
, (2.7b)
where we have defined y8 as the T-dual coordinate of x8 and introduced
Kα ≡ (Hα)2 + (Vα)2 , Kβ ≡ (Hβ)2 + (Vβ)2 . (2.8)
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This is similar to the background geometry of an exotic 522-brane (B.14). The crucial
difference is the off-diagonal term of the metric on the fibred two-torus T 289.
3 Monodromy structures
In this section, we analyze the monodromy structures of the defect HKT (2.5) and its T-
dualized system (2.7). The monodromy group generated by the two-torus T 289 is O(2, 2;Z) =
SL(2,Z) × SL(2,Z). First, we argue the O(2, 2;Z) monodromy structures of them. Sec-
ond, we further discuss the systems in terms of the SL(2,Z) × SL(2,Z) monodromies. In
appendix B, the monodromy structures of various defect five-branes are exhibited.
3.1 O(2, 2;Z) and SL(2,Z)τ × SL(2,Z)ρ monodromies
In the same analogy as exotic five-branes [34, 39, 41–43], the monodromy of the defect
HKT originates from the fibred two-torus T 289. We package the metric Gmn and the B-field
Bmn on T
2
89 in the following matrix M,
M(%, ϑ) ≡
(
Gmn −BmpGpq Bqn BmpGpn
−GmpBpn Gmn
)
, m, n, . . . = 8, 9 . (3.1a)
When we go around the origin on the 67-plane along the angular coordinate ϑ, the matrix
M is transformed as
M(%, 2pi) = ΩTM(%, 0) Ω . (3.1b)
The transformation matrix Ω takes values in O(2, 2;Z). We refer to this as the O(2, 2;Z)
monodromy matrix. The matrix Ω is useful to investigate (non)geometric structure of the
configuration [44–47]. In general, the matrix Ω is described in terms of four 2 × 2 blocks
A, D, Θ and β in such a way as [47]
Ω =
(
A β
Θ D
)
, (3.2)
where the block-diagonal parts A and D govern the coordinate transformations, while Θ is
related to the B-field gauge transformation. The block β dictates the T-duality structure
in the configuration. If this block is non-trivial, the corresponding space is nongeometric.
We refer to such a configuration as a T-fold [44]. For instance, in the case of various defect
five-branes, see [34].
Since the group O(2, 2;Z) is equivalent to SL(2,Z) × SL(2,Z) monodromy, it is also
worth formulating objects sensitive to the SL(2,Z) × SL(2,Z). Instead of the matrix M,
we introduce two complex structures τ and ρ. τ is nothing but the complex structure of
the two-torus T 289. This is subject to the first SL(2,Z). On the other hand, ρ is defined by
the B-field Bmn and the metric Gmn in the following way [42],
ρ ≡ B89 + i
√
detGmn . (3.3a)
The complex structure ρ controls the scale of the two-torus T 289. This is subject to the
second SL(2,Z). By virtue of the two complex structures τ and ρ, we can represents Gmn,
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B89 and φ,
Gmn =
ρ2
τ2
(
1 τ1
τ1 |τ |2
)
, B89 = ρ1 , e
2φ = ρ2 , (3.3b)
where we decomposed τ = τ1 + iτ2 and ρ = ρ1 + iρ2. In the rest of this section, we analyze
both the O(2, 2;Z) monodromies and the SL(2,Z)τ × SL(2,Z)ρ monodromies of the defect
HKT (2.5) and its T-dualized configuration (2.7).
3.2 Monodromies of the defect HKT
In this subsection, we study the monodromy structures of the defect HKT. The explicit
description of the matrix M (3.1) for the configuration (2.5) is
MdHKT(%, ϑ) =
1
HαHβ

KαKβ −VαKβ VαVβ KαVβ
−VαKβ Kβ −Vβ −VαVβ
VαVβ −Vβ 1 Vα
KαVβ −VαVβ Vα Kα
 . (3.4a)
This is rather a complicated. However, the O(2, 2;Z) monodromy matrix Ω is a simple form,
ΩdHKTα,β =

1 0 0 0
−2piα 1 0 0
(2pi)2αβ −2piβ 1 2piα
2piβ 0 0 1
 . (3.4b)
We immediately find a relation ΩdHKTα,β = Ω
KK
α Ω
NS
β = Ω
NS
β Ω
KK
α , where the explicit forms
of ΩNSβ and Ω
KK
α are given in appendix B. This seems that the defect NS5-brane in (2.5)
is not influenced by the defect KK5-brane. This would also be interpreted that the defect
Taub-NUT space2 does not receive any back reactions from the defect NS5-brane. Due to
this fact, we expect that the H-monopole and the KK5-brane do not combine to form a
single composite object in the original configuration of codimension three (2.3).
Through the investigation of the SL(2,Z)τ × SL(2,Z)ρ monodromy structure, we can
further study the relation between the two different defect five-branes. The two complex
structures τ and ρ are described as
τ =
−1
Vα + iHα
=
i
h+ α log(µ/z)
, (3.5a)
ρ = Vβ + iHβ = ih+ iβ log(µ/z) . (3.5b)
Here we defined the complex coordinate z = % eiϑ in the 67-plane. When we go around the
origin in the 67-plane z → z e2pii, these complex structures are transformed,
τ → τ ′ = τ−2piατ + 1 , Ω
dHKT
τ ≡
(
1 0
−2piα 1
)
, (3.6a)
ρ → ρ′ = ρ+ 2piβ , ΩdHKTρ ≡
(
1 +2piβ
0 1
)
. (3.6b)
2For this terminology, see appendix B.
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This denotes that the structure of the defect HKT is quite different from that of the single
defect five-branes (see appendix B). The monodromy structures of the defect HKT are
generated by both τ and ρ, whereas the monodromies of the single defect five-branes are
given only by one of them. We notice that the monodromy matrices ΩdHKTτ and Ω
dHKT
ρ are
independent of each other. We will discuss the physical interpretation of these results later.
3.3 Monodromies of the T-dualized defect HKT
We also analyze the monodromy structures of the T-dualized defect HKT (2.7). The
matrices M and Ω are explicitly expressed as
MTdHKT(%, ϑ) =
1
HαHβ

1 Vβ VαVβ −Vα
Vβ Kβ VαKβ −VαVβ
VαVβ VαKβ KαKβ −KαVβ
−Vα −VαVβ −KαVβ Kα
 , (3.7a)
ΩTdHKTα,β =

1 2piβ (2pi)2αβ −2piα
0 1 2piα 0
0 0 1 0
0 0 −2piβ 1
 . (3.7b)
We again find a simple relation of the O(2, 2;Z) monodromy matrices ΩTdHKTα,β = ΩAKβ ΩEα =
ΩEαΩ
AK
β . This indicates that, in the configuration (2.7), the constituent given by Hα is again
independent of the constituent governed by Hβ. We also find that the Ω
TdHKT
α,β possesses
the 2× 2 block β in (3.2). Hence the T-dualized defect HKT is a T-fold.
We also analyze the system by virtue of the SL(2,Z)τ×SL(2,Z)ρ monodromy structure.
The two complex structures are described as
τ = Vβ + iHβ = ih+ iβ log(µ/z) , (3.8a)
ρ =
−1
Vα + iHα
=
i
h+ α log(µ/z)
. (3.8b)
Compared to the formulation (3.5), we find that the T-duality transformation exchanges
the two complex structures. Under the shift z → z e2pii, their monodromy matrices are
given as
τ → τ ′ = τ + 2piβ , ΩTdHKTτ ≡
(
1 +2piβ
0 1
)
, (3.9a)
ρ → ρ′ = ρ−2piαρ+ 1 , Ω
TdHKT
ρ ≡
(
1 0
−2piα 1
)
. (3.9b)
Again we find that the monodromy matrices ΩTdHKTτ and Ω
TdHKT
ρ are equal to those of
the defect KK5-brane of another type and of the exotic 522-brane, respectively (see [34] and
appendix B). The nongeometric structure of the T-dualized defect HKT is generated by
Hα, i.e., the property of the exotic 5
2
2-brane.
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3.4 Composites as (p, q) five-branes?
The monodromy matrix ΩdHKTτ is the same as that of the single defect KK5-brane, whereas
the matrix ΩdHKTρ is equal to that of the single defect NS5-brane. Hence we can inter-
pret that the two constituents from Hβ and Hα in (2.5) stand as the independent defect
NS5-brane and defect KK5-brane, respectively. This leads us that the original configura-
tion (2.3) of codimension three is not a bound state of the H-monopole and the KK5-brane
in a sense of (p, q) five-branes or (p, q) seven-branes in type IIB theory [48]. Thus we
would be able to think of (2.3) or (2.5) as a coexistent state. The same situation can be
seen in the T-dualized system (2.7), where the single defect KK5-brane of another type
and the single exotic 522-brane are independent constituents.
In the next section, we will further discuss this issue from the perspective of the
conjugate configurations.
4 Conjugate configurations
In the previous section, we have studied the HKT solution and its monodromy struc-
tures in ten-dimensional supergravity compactified on the fibred two-torus T 289. In general,
ten-dimensional string theory compactified on the two-torus possesses the O(2, 2;Z) T-
duality structure. We therefore expect a family of solutions which belong to the O(2, 2;Z)
multiplet. When a solution associated with the monodromy matrix Ω exists, there is a
conjugate solution whose monodromy matrix is given by U−1ΩU , where U is a certain
O(2, 2;Z) matrix. This strategy is completely parallel to that for seven-branes in type IIB
string theory [48], and for defect five-branes [34, 49].
In this section, we investigate conjugate configurations of the defect HKT and its T-
dualized system. We introduce the following general matrices of SL(2,Z)τ × SL(2,Z)ρ,
Uτ ≡
(
s′ r′
q′ p′
)
, Uρ ≡
(
s r
q p
)
,
s′p′ − r′q′ = 1 ,
sp− rq = 1 . (4.1a)
Here we note that all components of the matrices are integer. We transform the SL(2,Z)τ×
SL(2,Z)ρ monodromy matrices (3.6) and (3.9),
Ωτ,ρ → Ω˜τ,ρ = U−1τ,ρΩτ,ρUτ,ρ . (4.1b)
Then we construct a family of solutions associated with the monodromy matrices Ω˜τ,ρ.
We have already known that this technique is also useful to study bound states of defect
five-branes [33, 34, 39, 41, 42].
4.1 Conjugate of defect HKT
First, we apply the conjugate procedure (4.1) to the SL(2,Z)τ × SL(2,Z)ρ monodromy
matrices for the defect HKT (3.6). The transformed matrices are
Ω˜dHKTτ =
(
1 + 2piαr′s′ 2piαr′2
−2piαs′2 1− 2piαr′s′
)
, (4.2a)
Ω˜dHKTρ =
(
1 + 2piβpq 2piβp2
−2piβq2 1− 2piβpq
)
. (4.2b)
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Since α and β are non-vanishing, the conjugate of the defect HKT is different from any
conjugates of single defect five-brane in appendix B. Thus we again understand that the
defect HKT system is a coexistent state of defect NS5-branes and defect KK5-branes. This
is completely different from defect (p, q) five-branes.
It is worth exploring the conjugate configuration of the defect HKT. Applying the con-
jugate transformations (4.1) to the two complex structures (3.5), we obtain the conjugate
complex structures τ˜ and ρ˜ in the following way [34],
U−1τ =
(
p′ −r′
−q′ s′
)
, τ → τ˜ ≡ p
′τ − r′
−q′τ + s′ , (4.3a)
U−1ρ =
(
p −r
−q s
)
, ρ → ρ˜ ≡ pρ− r−qρ+ s . (4.3b)
Going around the origin in the 67-plane z → z e2pii, the original complex structures τ and
ρ are transformed as (3.6). Then we find that the complex structures τ˜ and ρ˜ are also
transformed as
τ˜ → τ˜ ′ = (1 + 2piαr
′s′)τ˜ + 2piαr′2
−2piαs′2τ˜ + (1− 2piαr′s′) , (4.4a)
ρ˜ → ρ˜′ = (1 + 2piβpq)ρ˜+ 2piβp
2
−2piβq2ρ˜+ (1− 2piβpq) . (4.4b)
We can immediately confirm that the conjugate complex structures reproduce the conjugate
monodromy matrices (4.2). The explicit expression of the conjugate complex structures is
τ˜ = −r
′(Vα + iHα) + p′
s′(Vα + iHα) + q′
=
− [p′q′ + (p′s′ + r′q′)Vα + r′s′Kα] + iHα
q′2 + 2q′s′Vα + s′2Kα
, (4.5a)
ρ˜ =
p(Vβ + iHβ)− r
−q(Vβ + iHβ)− s =
[−rs+ (ps+ rq)Vβ − pqKβ] + iHβ
s2 − 2qsVβ + q2Kβ . (4.5b)
Substituting (4.5) into the formulation (3.3), we obtain the explicit form of G˜mn, B˜89 and φ˜,
G˜88 =
Hβ
Hα
q′2 + 2q′s′Vα + s′2Kα
s2 − 2qsVβ + q2Kβ , (4.6a)
G˜89 = G˜98 = −Hβ
Hα
p′q′ + (p′s′ + r′q′)Vα + r′s′Kα
s2 − 2qsVβ + q2Kβ , (4.6b)
G˜99 =
Hβ
Hα
p′2 + 2p′r′Vα + r′2Kα
s2 − 2qsVβ + q2Kβ , (4.6c)
B˜89 = −rs− (ps+ rq)Vβ + pqKβ
s2 − 2qsVβ + q2Kβ , (4.6d)
e2φ˜ =
Hβ
s2 − 2qsVβ + q2Kβ . (4.6e)
This is the generic configuration. However, this is rather a lengthy expression because
redundant parameters are included. Now we look for genuinely a new configuration under
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the non-vanishing parameters (r′, s′) and (p, q). If not, the conjugate system is reduced to
the original one (2.5) or (2.7). For convenience, we introduce a new variable λ̂ = −1/τ̂ .
By using the constraints s′p′− q′r′ = 1 and sp− qr = 1 in (4.1), we can remove redundant
parameters p′ and s,
λ̂ =
s′
r′
− 1
r′2(Vα + iHα)
, (4.7a)
ρ̂ = −p
q
− 1
q2(Vβ + iHβ)
. (4.7b)
Under the shift z → z e2pii, they can again realize the conjugate monodromy matrices (4.2).
Then, substituting (4.7) in the formulation (3.3), we obtain the simplified field configura-
tion,
ds2 = ds2012345 +HαHβ
[
(d%)2 + %2(dϑ)2
]
+ λ̂2ρ̂2
(
dx8
)2
+
ρ̂2
λ̂2
[
dy9 − λ̂1 dx8
]2
, (4.8a)
B̂89 = ρ̂1 , e
2φ̂ = ρ̂2 . (4.8b)
Here we utilized λ̂ = −1/τ̂ ≡ λ̂1+iλ̂2 which is much more useful to express the configuration
than τ̂ itself. The components of λ̂ and ρ̂ are
λ̂1 =
s′
r′
− Vα
r′2Kα
, λ̂2 =
Hα
r′2Kα
, (4.8c)
ρ̂1 = −p
q
− Vβ
q2Kβ
, ρ̂2 =
Hβ
q2Kβ
. (4.8d)
We can check that the configuration (4.8) is a solution of supergravity theories.
We discuss a physical interpretation of this solution as follows. Before the conjugate,
we recognize that the defect HKT corresponds to the single defect NS5-brane on the de-
fect Taub-NUT space. The defect NS5-brane and the defect Taub-NUT space are not
affected by each other. Then, after the conjugate transformation, the defect NS5-brane
is transformed to a composite state, i.e., a composite of p defect NS5-branes and q exotic
522-branes, called the defect (p, q) five-brane [34]. On the other hand, the defect Taub-NUT
sector, equivalent to the single defect KK5-brane, is also transformed to a composite of
−s′ defect KK5-branes and r′ defect KK5-branes of another type. This can be the ALG
space [34–36, 49]. Then we conclude that the conjugate configuration (4.8) is a defect (p, q)
five-brane on the ALG space.
4.2 Conjugate of T-dualized defect HKT
In this subsection, we study the conjugate of the T-dualized defect HKT (2.7). The
SL(2,Z)τ × SL(2,Z)ρ monodromy matrices (3.9) are transformed in terms of the conju-
gate matrices (4.1),
Ω˜TdHKTτ =
(
1 + 2piβp′q′ 2piβp′2
−2piβq′2 1− 2piβp′q′
)
, (4.9a)
Ω˜TdHKTρ =
(
1 + 2piαrs 2piαr2
−2piαs2 1− 2piαrs
)
. (4.9b)
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Since both α and β are non-vanishing, the above matrices are never reduced to those of (the
conjugate of) the defect five-branes in appendix B. Applying the conjugate transformation
to the two complex structures, we obtain the conjugates τ˜ and ρ˜,
U−1τ =
(
p′ −r′
−q′ s′
)
, τ → τ˜ ≡ p
′τ − r′
−q′τ + s′ , (4.10a)
U−1ρ =
(
p −r
−q s
)
, ρ → ρ˜ ≡ pρ− r−qρ+ s . (4.10b)
Since the original complex structures τ and ρ are transformed as (3.9) under the shift
z → z e2pii, the conjugate complex structures are transformed in such a way as
τ˜ → τ˜ ′ = (1 + 2piβp
′q′)τ˜ + 2piβp′2
−2piβq′2τ˜ + (1− 2piβp′q′) , (4.11a)
ρ˜ → ρ˜′ = (1 + 2piαrs)ρ˜+ 2piαr
2
−2piαs2ρ˜+ (1− 2piαrs) . (4.11b)
They truly reproduce the conjugate monodromy matrices (4.9). Here we write the explicit
form of the conjugate complex structures,
τ˜ =
p′(Vβ + iHβ)− r′
−q′(Vβ + iHβ) + s′ =
[−r′s′ + (p′s′ + r′q′)Vβ − p′q′Kβ] + iHβ
s′2 − 2q′s′Vβ + q′2Kβ , (4.12a)
ρ˜ = −r(Vα + iHα) + p
s(Vα + iHα) + q
=
− [pq + (ps+ rq)Vα + rsKα] + iHα
q2 + 2qsVα + s2Kα
. (4.12b)
Hence, plugging (4.12) into (3.3), we obtain the generic form of G˜mn, B˜89 and φ˜,
G˜88 =
Hα
Hβ
s′2 − 2q′s′Vβ + q′2Kβ
q2 + 2qsVα + s2Kα
, (4.13a)
G˜89 = G˜98 = −Hα
Hβ
r′s′ − (p′s′ + r′q′)Vβ + p′q′Kβ
q2 + 2qsVα + s2Kα
, (4.13b)
G˜99 =
Hα
Hβ
r′2 − 2p′r′Vβ + p′2Kβ
q2 + 2qsVα + s2Kα
, (4.13c)
B˜89 = −pq + (ps+ rq)Vα + rsKα
q2 + 2qsVα + s2Kα
, (4.13d)
e2φ˜ =
Hα
q2 + 2qsVα + s2Kα
. (4.13e)
This is again a redundant expression. Here we focus on the situation that the parameters
(p′, q′) and (r, s) are non-vanishing, otherwise the configuration is reduced to the original
one (2.5) or (2.7). It is convenient to introduce ω̂ = −1/ρ̂. By virtue of the constraints
in (4.1), we can remove redundant parameters s′ and p without loss of generality. The
simplified complex structures,
τ̂ = −p
′
q′
− 1
q′2(Vβ + iHβ)
, (4.14a)
ω̂ =
s
r
− 1
r2(Vα + iHα)
, (4.14b)
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again reproduce the conjugate monodromy matrices (4.9). Substituting (4.14) into (3.3),
we obtain the reduced form of the conjugate configuration,
ds2 = ds2012345 +HαHβ
[
(d%)2 + %2(dϑ)2
]
+
ω̂2
τ̂2|ω̂|2
[
dy8 + τ̂1 dy
9
]2
+
τ̂2ω̂2
|ω̂|2
(
dy9
)2
,
(4.15a)
B̂89 = − ω̂1|ω̂|2 , e
2φ̂ =
ω̂2
|ω̂|2 . (4.15b)
Here we used ω̂ = −1/ρ̂ ≡ ω̂1 + iω̂2. The explicit expression of the components is
τ̂1 = −p
′
q′
− Vβ
q′2Kβ
, τ̂2 =
Hβ
q′2Kβ
, (4.15c)
ω̂1 =
s
r
− Vα
r2Kα
, ω̂2 =
Hα
r2Kα
. (4.15d)
We can confirm that (4.15) is also a solution of supergravity theories. This is also obtained
from the previous solution (4.8) via the T-duality transformation along the 8-th direction
and relabeling (s′, r′) = (s, r) and (p, q) = (p′, q′). The physical interpretation of this
configuration is a defect (r,−s) five-brane dictated by Hα on the ALG space governed by
Hβ. This ALG space also can be regarded as a composite of q
′ defect KK5-branes and p′
defect KK5-branes of another type.
5 Summary and discussions
In this paper we found new solutions associated with hyper-Ka¨hler geometry with torsion
(HKT) and studied their monodromy structures. The solutions represent coexistent two
parallel five-branes.
We started from the single KK5-brane solution of codimension three. This is purely
a geometrical solution, namely, only the metric is non-trivial, whereas the B-field and
the dilaton vanish. The transverse direction of the KK5-brane is given by the Taub-
NUT space whose center is specified by the harmonic function Hα and the geometry is
hyper-Ka¨hler. We then considered a new field configuration where the non-trivial B-field
is turned on along the transverse directions to the single KK5-brane. This geometry is
called HKT, a conformally transformed Taub-NUT space. The HKT-connection which
consists of the Levi-Civita connection and the three-form flux H preserves self-duality. We
found that the field configuration is a solution to ten-dimensional supergravity theories,
provided that a non-zero torsion in the background geometry is introduced. The torsion is
governed by another harmonic function Hβ and the geometry is deformed from the Taub-
NUT space. The B-field does not belong to pure gauge and therefore the resultant HKT
solution (2.3) is not gauge equivalent to the KK5-brane geometry. The new solution (2.3)
incorporates isometries along not only the flat six-dimensional directions longitudinal to
the KK5-brane worldvolume but also one of the transverse directions. Therefore the new
solution represents a stuck of five-branes and they are magnetic sources of the B-field. The
isometry along the transverse direction is a reminiscent of the Taub-NUT space.
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In order to understand physical properties of the new solution, studying monodromy
structures of the solutions is useful. To this end, we compactified the geometry along the
transverse 8-th direction which is different from the isometry direction of the Taub-NUT
space. Now the five-branes become defect branes of codimension two and there are two
isometries along the transverse directions. The geometry is governed by the two logarithmic
harmonic functions Hα and Hβ which are no longer single-valued. We call this geometry
the defect HKT. This geometry is characterized by the O(2, 2;Z) = SL(2,Z) × SL(2,Z)
monodromy originated from the fibred two-torus T 289.
First, we calculated the monodromy matrix Ω associated with the new solution. We
found that the monodromy matrix ΩdHKTα,β is decomposed into a product of those of the
defect KK5-brane ΩKKα and the defect NS5-brane Ω
NS
β . We found that these two mon-
odromy matrices are commutative with each other. Next, we performed the T-duality
transformation of the defect HKT solution along the 8-th direction. We found that the T-
dualized monodromy matrix is given by a product of those for another defect KK5-brane
and an exotic 522-brane. We then found that the solution (2.5) is not connected to any
single defect five-brane configurations. Therefore the monodromy structures suggest that
the defect HKT solution, and its higher dimensional origin (2.3), represent a coexistent
(defect) five-branes different from a composite state of two (defect) five-branes.
Since ten-dimensional supergravity theories compactified on the two-torus T 289 have the
O(2, 2;Z) T-duality structure, we expected that there is a family of five-brane solutions.
This situation is similar to defect (p, q) n-branes in type IIB string theory.3 Indeed, explicit
solutions of defect (p, q) five-branes are found as the SL(2,Z)×SL(2,Z) conjugate solutions
to a single defect five-brane [34]. We studied the conjugate configurations of the defect HKT
and its T-dualized solution. The monodromy matrices of these configurations are given
by the O(2, 2;Z) similarity transformations of ΩdHKTα,β and ΩTdHKTα,β . Under the general
O(2, 2;Z) = SL(2,Z) × SL(2,Z) transformations, the explicit solutions are calculated and
given by (4.8) and (4.15). The conjugate solution (4.8) is interpreted as a composite state
of p defect NS5-branes and q exotic 522-branes — a defect (p, q) five-brane — on the ALG
space. The solution (4.15) represents other defect (p, q) five-branes on the ALG space.
They are five-brane solutions of codimension two whose higher dimensional origins are
hyper-Ka¨hler geometries with torsion. Indeed, they are nothing but the local descriptions
of the stringy cosmic fivebranes discussed in [49].
It is interesting to study quantum corrections to the HKT in the framework of string
worldsheet theory. In order to do that, it is significant to develop the gauged linear sigma
model (GLSM) for exotic five-branes [50–52] in much a deeper level. We can utilize the
GLSM to investigate worldsheet instanton corrections to the HKT. Applying the HKT
to the Dirac-Born-Infeld action [53, 54] for various defect five-branes on the ALG space
would be an interesting task to understand non-trivial aspects of exotic five-branes on
curved spacetimes. It would also be important to study physical properties of defect (p, q)
five-branes and other composite states of exotic five-branes. For example, there are vari-
3For n = 1, 5, 7, they are bound states of p D-strings and q F-strings, p D5-branes and q NS5-branes, p
D7-branes and q exotic 73-branes, respectively.
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ous exotic branes whose monodromies are given by the U-duality transformations. Such
branes provide stringy geometries called U-folds. It might be important for developing the
T-duality transformation techniques on GLSMs [55, 56] to those of the U-duality transfor-
mations. We will come back to these issues in future studies.
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A Conventions
In this appendix, we exhibit the T-duality transformation rules from two different view-
points as discussed in [34]. In the framework of the background field configuration, we
mainly utilize the Buscher rule. Performing T-duality along the n-th direction, the metric
GMN , the B-field BMN and the dilaton φ are transformed in the following way,
G′MN = GMN −
GnMGnN −BnMBnN
Gnn
, G′nN =
BnN
Gnn
, G′nn =
1
Gnn
, (A.1a)
B′MN = BMN +
2Gn[MBN ]n
Gnn
, B′nN =
GnN
Gnn
, (A.1b)
φ′ = φ− 1
2
log(Gnn) . (A.1c)
On the other hand, from the perspective of the monodromy transformations, we use the
matrix representations,
U8 =
(
1− T8 −T8
−T8 1− T8
)
, T8 ≡
(
1 0
0 0
)
, (A.2a)
U9 =
(
1− T9 −T9
−T9 1− T9
)
, T9 ≡
(
0 0
0 1
)
, (A.2b)
U89 =
(
1− T8 − T9 −T8 − T9
−T8 − T9 1− T8 − T9
)
= U8U9 = U9U8 . (A.2c)
These transformation matrices act on an O(2, 2;Z) monodromy matrix Ω as
Ω′ = UTΩU . (A.3)
B Review of defect five-branes
In this appendix, we briefly summarize the feature of defect five-branes discussed in [34].
In this discussion, we often use the following functions and variables,
H` = h+ ` log
µ
%
, V` = `ϑ , K` = (H`)
2 + (V`)
2 , (B.1a)
x6 = % cosϑ , x7 = % sinϑ , ` =
`0
2piR8
, (B.1b)
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where `0 and ` are constant parameters which appear in the main part of this paper as
`(0) = α(0) or `(0) = β(0).
First, we discuss a defect NS5-brane and its monodromy structures. The background
configuration is represented as
ds2 = ds2012345 +H`
[
(d%)2 + %2(dϑ)2
]
+H`
[ (
dx8
)2
+
(
dx9
)2 ]
, (B.2a)
B89 = V` , e
2φ = H` . (B.2b)
In terms of this, the matrixM and the O(2, 2;Z) monodromy matrix Ω defined in (3.1) are
explicitly formulated as
MNS(%, ϑ) =
1
H`

K` 0 0 V`
0 K` −V` 0
0 −V` 1 0
V` 0 0 1
 , ΩNS` =

1 0 0 0
0 1 0 0
0 −2pi` 1 0
2pi` 0 0 1
 . (B.3)
The monodromy matrix denotes that this system is geometric. We also define the two
complex structures associated with the equivalent monodromy group SL(2,Z)τ×SL(2,Z)ρ.
Their monodromy transformations by the shift z → z e2pii give rise to the monodromy
matrices,
τ → τ ′ = τ , ΩNSτ ≡
(
1 0
0 1
)
, (B.4a)
ρ → ρ′ = ρ+ 2pi` , ΩNSρ ≡
(
1 2pi`
0 1
)
. (B.4b)
This implies that the shape of the fibred two-torus T 289 is not deformed by the monodromy
transformation, while the metric and the B-field on T 289 are modified. We can further discuss
the conjugate configuration of the single defect NS5-brane via the transformation (4.1),
Ω˜NSτ =
(
1 0
0 1
)
, Ω˜NSρ =
(
1 + 2pi`pq 2pi`p2
−2pi`q2 1− 2pi`pq
)
. (B.5)
We see that the two-torus T 289 is unchanged under the conjugate. The matrix Ω˜
NS
ρ implies
that the conjugate system is a composite of p defect NS5-branes and q exotic 522-branes.
Performing the T-duality transformation along the 9-th direction of (B.2), we obtain
the following configuration,
ds2 = ds2012345 +H`
[
(d%)2 + %2(dϑ)2
]
+H`
(
dx8
)2
+
1
H`
[
dy9 − V` dx8
]2
, (B.6a)
BMN = 0 , e
2φ = 1 . (B.6b)
This is the background geometry of a defect KK5-brane, where the transverse space of the
6789-directions is an ALG space. In the main part of this paper, we often refer to this
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space as the defect Taub-NUT space. Here the B-field and the dilaton are trivial. Then
the matrices M and Ω are simple forms,
MKK(%, ϑ) =
1
H`

K` −V` 0 0
−V` 1 0 0
0 0 1 V`
0 0 V` K`
 , ΩKK` =

1 0 0 0
−2pi` 1 0 0
0 0 1 2pi`
0 0 0 1
 . (B.7)
Under the shift z → z e2pii, the SL(2,Z)τ × SL(2,Z)ρ monodromy matrices generated by
the two complex structures τ and ρ are given as
τ → τ ′ = τ−2pi`τ + 1 , Ω
KK
τ ≡
(
1 0
−2pi` 1
)
, (B.8a)
ρ → ρ′ = ρ , ΩKKρ ≡
(
1 0
0 1
)
. (B.8b)
These monodromy transformations provide that the field configuration Gmn and B89 is
unchanged, while the shape of the two-torus T 289 is deformed. We apply the conjugate
transformation (4.1) to these SL(2,Z)τ × SL(2,Z)ρ monodromy matrices,
Ω˜KKτ =
(
1 + 2pi`r′s′ 2pi`r′2
−2pi`s′2 1− 2pi`r′s′
)
, Ω˜KKρ =
(
1 0
0 1
)
. (B.9)
Again we see that the field configuration is unchanged but the two-torus T 289 is deformed. In
particular, we find that the conjugate system is the bound state of −s′ defect KK5-branes
and r′ defect KK5-branes of another type [34].
If we take the T-duality transformation along the 8-th direction of (B.2), we obtain
another configuration of the defect KK5-brane of different type,
ds2 = ds2012345 +H`
[
(d%)2 + %2(dϑ)2
]
+H`
(
dx9
)2
+
1
H`
[
dy8 + V` dx
9
]2
, (B.10a)
BMN = 0 , e
2φ = 1 . (B.10b)
In this setup, the B-field and the dilaton are again trivial. The O(2, 2;Z) monodromy
structure (3.1) is explicitly formulated as
MAK(%, ϑ) =
1
H`

1 V` 0 0
V` K` 0 0
0 0 K` −V`
0 0 −V` 1
 , ΩAK` =

1 2pi` 0 0
0 1 0 0
0 0 1 0
0 0 −2pi` 1
 . (B.11)
The SL(2,Z)τ × SL(2,Z)ρ monodromy structure is also immediately obtained by the defi-
nition (3.3) and the shift z → z e2pii in the 67-plane,
τ → τ ′ = τ + 2pi` , ΩAKτ ≡
(
1 2pi`
0 1
)
, (B.12a)
ρ → ρ′ = ρ , ΩAKρ ≡
(
1 0
0 1
)
. (B.12b)
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This also indicates that the two-torus T 289 is deformed under the monodromy transforma-
tion. This property is the same as in (B.6). According to the transformations (4.1), we
obtain the conjugate monodromy matrices,
Ω˜AKτ =
(
1 + 2pi`p′q′ 2pi`p′2
−2pi`q′2 1− 2pi`p′q′
)
, Ω˜AKρ =
(
1 0
0 1
)
. (B.13)
This leads to a composite of q′ defect KK5-branes and p′ defect KK5-branes of another type.
The final example is the background geometry of an exotic 522-brane. Its spacetime
configuration is given by
ds2 = ds2012345 +H`
[
(d%)2 + %2(dϑ)2
]
+
H`
K`
[(
dy8
)2
+
(
dy9
)2]
, (B.14a)
B89 = − V`
K`
, e2φ =
H`
K`
. (B.14b)
This gives rise to the matrices of the O(2, 2;Z) monodromy structure,
ME(%, ϑ) =
1
H`

1 0 0 −V`
0 1 V` 0
0 V` K` 0
−V` 0 0 K`
 , ΩE` =

1 0 0 −2pi`
0 1 2pi` 0
0 0 1 0
0 0 0 1
 . (B.15)
We can confirm that this configuration is nongeometric because the monodromy ma-
trix ΩE` involves the 2 × 2 block β of (3.2). We also mention that the structure of the
SL(2,Z)τ ×SL(2,Z)ρ monodromy is dictated by the two complex structures τ and ρ. They
are transformed when we go around the exotic 522-brane with z → ze2pii,
τ → τ ′ = τ , ΩEτ ≡
(
1 0
0 1
)
, (B.16a)
ρ → ρ′ = ρ−2pi`ρ+ 1 , Ω
E
ρ ≡
(
1 0
−2pi` 1
)
. (B.16b)
This indicates that the two-torus T 289 is invariant under the monodromy transformation,
while the field configuration is modified. The conjugate monodromy matrices defined by
the transformation rules (4.1) are given as
Ω˜Eτ =
(
1 0
0 1
)
, Ω˜Eρ =
(
1 + 2pi`rs 2pi`r2
−2pi`s2 1− 2pi`rs
)
. (B.17)
Indeed the conjugate matrices imply that the conjugate system is a composite of r defect
NS5-branes and −s exotic 522-branes.
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